Let R be a noetherian ring and M a finite R-module. With a linear form χ on M one associates the Koszul complex K(χ). If M is a free module, then the homology of K(χ) is well-understood, and in particular it is grade sensitive with respect to Im χ.
Let R be a noetherian ring and M a finite R-module. With a linear form χ on M one associates the Koszul complex K(χ). If M is a free module, then the homology of K(χ) is well-understood, and in particular it is grade sensitive with respect to Im χ.
In this note we investigate the case of a module M of projective dimension 1 (more precisely, M has a free resolution of length 1) for which the first nonvanishing Fitting ideal I M has the maximally possible grade r + 1, r = rank M . Then h = grade Im χ ≤ r + 1 for all linear forms χ on M , and it turns out that H r−i (K(χ)) = 0 for all even i < h and H r−i (K(χ)) ∼ = S (i−1)/2 (C) for all odd i < h where S denotes symmetric power and C = Ext Moreover, if h ≤ r, then H r−h (K(χ)) is neither 0 nor isomorphic to a symmetric power of C, so that it is justified to say that K(χ) is grade sensitive for the modules M under consideration. We furthermore show that the maximally possible value grade Im χ = r + 1 can only occur in two extreme cases: (i) r = 1 or (ii) rank F = 1 and r is odd.
The note was motivated by a result of Migliore, Nagel, and Peterson (see [MNP] , Proposition 5.1). They implicitly prove the result on K(χ) for Gorenstein rings R, using local cohomology. Our method allows more general assumptions. (Even the assumption that R is noetherian is superfluous if one uses the correct notion of grade.) It is based on results in [BV1] and has a predecessor in [HM] . The case in which rank F = 1 has been treated in [BV3].
The situation in which the Fitting ideal I M of M has only grade r is also of interest. For example, it occurs for the Kähler differentials of complete intersections with isolated singularities. While our method also yields results in this case, we have restricted ourselves to the case of grade r + 1 for the sake of clarity.
The detailed account of the linear algebra of M and its exterior powers has been given in [BV2], Section 2.
For technical reasons we start with a situation dual to the above one. So let F , G be finite free R-modules of rank m, n and ψ : G → F an R-homomorphism. Set G = G ⊗ S(F ) where S(F ) denotes the symmetric algebra of F . Then we may consider ψ an S(F )-linear form on G and can define the Koszul antiderivation
with respect to ψ in the usual way, i.e.
We use the term Koszul complex also for the complex
associated with a linear map ϕ : R → G. Suppose that ψϕ = 0 and let
be the differential of the Koszul complex associated with ϕ ⊗ S(F ), i. e.
Thus we obtain the Koszul
for all integers p, q, and S q means qth symmetric power. The row homology of K at M p,q is denoted by H 
where the mapsφ, dφ are induced by ϕ, d ϕ . The homology of the first row at N p is denoted byH p . We are now ready to state the key proposition. Here as in the following * means Hom R ( , R). Moreover, I Ψ denotes the ideal of m-minors of (a matrix representing) ψ. PROPOSITION 1. Set g = grade I M , C = Cok ψ, and let h = grade Im ϕ * . Assume that r = n − m ≥ 1 and g = r + 1. Then
Proof. Let M = Cok ψ * . We choose a basis e 1 , . . . , e m of F * and define the linear map Ψ :
whose dual is the head of the Buchsbaum-Rim complex resolving C = Cok ψ. It follows that M * = Im Ψ * , and obviously Im Ψ * ⊂ I M G. Since ϕ ∈ M * , one has Im ϕ ⊂ I M . This shows (a).
We quote some well-known facts about the homology of K. Let 0 ≤ p ≤ g. Then For (c) we modify the complex K to the complex K by setting (i) M p,p+1 = S p (C) and (ii) M p,−1 = N p . The maps to be added are the natural surjection M p,p → S p (C), the zero map S p (C) → M p+1,p+1 , and those induced by the canonical injections N p → p G. The truncation of K to the "rectangle" 0 ≤ p ≤ h, 0 ≤ q ≤ g has exact columns. Moreover, row homology for indices < h can only occur at M p,−1 , namelyH p , 0 ≤ p ≤ h, and at M p,p+1 , namely S p (C).
For an inductive argument we let R q , q ≥ −1, be the qth row of K and B q+1 be the image complex of R q in R q+1 . Then we have a series of exact sequences
Thus we can use the long exact (co)homology sequence for each q. With E p,q = H p (B q ) one therefore obtains the "southwest" isomorphisms
if i is odd, 0 ≤ i < h. In fact, there is an exact sequence
and the extreme terms in this sequence are 0 for all j under consideration. Let now i be even, and j = i/2. Since the map M j,j → M j+1,j is injective, the same holds true for its restriction B j j → B j+1 j in B j , and soH p = E j,j = 0.
In the case in which i is odd we can go one further step southwest, and obtain the isomorphism S j (C) = E j,j+1 ∼ = E j+1,j for j = (i − 1)/2. Since H h = 0, we only have an exact sequence
but the arguments above can be applied to E h−1,1 ; it is zero if h is even, and isomorphic to S (h−1)/2 (C) if h is odd.-REMARK 2. Proposition 1 shows that roughly the first half of the symmetric powers S i (C), i ≤ h, can be interpreted as homologies of a Koszul complex. It is also possible to interpret the other half in a similar way. To this end we consider the column complexes C 0 , . . . , C h of K (not of K) and set
Then we obtain an exact sequence
of complexes, and the only nonzero (co)homology can occur along C h+1 and at
If one applies arguments similar to those in the proof of Proposition 1 (now proceeding in northwestern direction), then one obtains
for 0 ≤ i ≤ h. Note that the module C i h+1 is resolved by R i , and R i is just a truncated and shifted version of R 0 ⊗ S i (F ). The truncations of R 0 resolve the exterior powers j M ϕ where M ϕ = Cok(ϕ). Thus
As in the proof of Proposition 1 let M = Cok ψ * . Then it is easy to see that
for all p, and the exact sequence 0 For the converse observe that N p = 0 for p > r and that N r is free of rank 1. SoH r must be cyclic. If r were even, thenH r = 0 by Proposition 1, and Im ϕ * = R. Thus r must be odd. In this caseH r = S (r−1)/2 (C) by Proposition 1 where C = Cok ψ * . So if r ≥ 3, then C must be cyclic, which in turn means m = 1.-We now return to our original purpose. Therefore letχ be a linear form on M = Cok ψ * . The induced linear form on G * is denoted by χ; note that χψ * = 0. Set ϕ = χ * , and, as above, r = n − m. We want to connect the truncated Koszul complex
with the complex
considered above. We have already observed that x ∈ p G * , y ∈ r−p G * , z = γ −1 (1) . Via the natural isomorphism ( r−p G * ) * ∼ = r−p G we regard ν p as a map p G * → r−p G. One has Im ν p ⊂ N r−p , and it is an easy exercise to show that the diagram p G * ∂χ
